Noise of Entangled Electrons: Bunching and Antibunching 
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Addressing the feasibility of quantum communication with entangled electrons in an interacting 
many-body environment, we propose an interference experiment using a scattering set-up with an 
entangler and a beam splitter. It is shown that, due to electron-electron interaction, the fidelity of 
the entangled singlet and triplet states is reduced by Zp in a conductor described by Fermi liquid 
theory. We calculate the quasiparticle weight factor zp for a two-dimensional electron system. The 
current noise for electronic singlet states turns out to be enhanced (bunching behavior), while it is 
reduced for triplet states (antibunching). Within standard scattering theory, we find that the Fano 
factor (noise-to-current ratio) for singlets is twice as large as for independent classical particles and 
is reduced to zero for triplets. 
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The availability of pairwise entangled qubits — 
Einstein-Podolsky-Rosen (EPR) pairs W — is a necessary 
prerequisite for secure quantum communication |^ , dense 
coding IQ], and quantum teleportation Q. The prime 
example of an EPR pair considered here is the singlet 
state formed by two electron spins, its main feature be- 
ing its non-locality: If the two entangled electrons are 
separated from each other in space, then (space-like sep- 
arated) measurements of their spins are still strongly cor- 
related, leading to a violation of Bell's inequalities 0. 
Experiments with photons have tested Bell's inequalities 
1^, dense coding ||^, and quantum teleportation |^. To 
date, none of these phenomena have been seen for mas- 
sive particles such as electrons, let alone in a solid-state 
environment. This is so because it is difficult to first pro- 
duce and to second detect entanglement of electrons in a 
controlled way. On the other hand, recent experiments 
have demonstrated very long spin decoherence times for 
electrons in semiconductors M . It is thus of considerable 
interest to see if it is possible to use mobile electrons in a 
many-particle system, prepared in a definite (entangled) 
spin state, for the purpose of quantum communication. 

As to the production of entangled electrons, we have 
previously described in detail how two electron spins can 
be deterministically entangled by weakly coupling two 
nearby quantum dots, each of which contains one single 
(excess) electron ||l^,0. As recently pointed out such 
a spin coupling can also be achieved on a long distance 
scale by using a cavity-QED scheme [Q, or with elec- 
trons which are trapped by surface acoustic waves on a 
semiconductor surface fl^ . 

In this paper, we describe a method for detecting pair- 
wise entanglement between electrons in two mesoscopic 
wires, which relies on the measurement of the current 
noise in one of the wires. For this purpose, we also study 
the propagation of entangled electrons interacting with 
all other electrons in those wires (see further below). Our 
main result is that the singlet EPR pair gives rise to an 
enhancement of the noise power ("bunching" behavior), 
whereas the triplet EPR pair leads to a suppression of 
noise ( "antibunching" ) . The underlying physics respon- 
sible for this phenomenon is well known from the scat- 



tering theory of two identical particles in vacuum ||lJ,|T5[ : 
in the center-of-mass frame the differential scattering 
cross-section a can be expressed in terms of the scat- 
tering amplitude f{6) and scattering angle 6 as (j{9) = 
\f{e)±f{n-9)\^ = \f{e)\^ + \fi^-0)\^±2Rer{9)fin-9). 
The first two terms in the second equation are the "clas- 
sical" contributions which would be obtained if the parti- 
cles were distinguishable, while the third (exchange) term 
results from their indistinguishability which gives rise to 
genuine two-particle interference effects. 
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FIG. 1. The setup for measuring the noise of entangled 
states. Uncorrelated electrons are fed into the entangler (see 
text) through the Fermi leads 1', 2' and are transformed into 
pairs of electrons in the entangled singlet (triplet) state |=p), 
which are injected into leads 1, 2 (one electron of undeter- 
mined spin state into each lead). The entanglement of the, 
say, spin singlet can then be detected in an interference exper- 
iment using a beam splitter (with no backscattering) : Since 
the orbital wave function of the singlet is symmetric, the elec- 
trons leave the scattering region preferably in the same lead 
(3 or 4). This correlation ("bunching") is revealed by an en- 
hancement of the noise by a factor of 2 in the outgoing leads. 

Here the plus (minus) sign applies to spin-1/2 par- 
ticles in the singlet (triplet) state, described by a 
(anti)symmctric orbital wave function. The very same 
two-particle interference mechanism which is responsible 
for the enhancement (reduction) of the scattering cross 
section a{9) near 9 = tt/2 also leads to an increase (de- 
crease) of the correlations of the particle number in the 
output arms of a beam splitter |16| . 

We turn now to the question of how to detect entangle- 
ment of electrons in a solid-state environment. For this 
we propose a non-equilibrium transport measurement us- 
ing the set-up shown in Fig. n. Here, the entangler is 
assumed to be a device by which entangled states of two 



electrons can be generated, a specific realization being 
above-mentioned double-dot system ||l^,|ll[. The pres- 
ence of a beam splitter ensures that the electrons leaving 
the entangler have a finite amplitude to be interchanged 
(without mutual interaction) . Below we will show that in 
the absence of spin scattering the noise measured in the 
outgoing leads 3 and 4 will exhibit bunching behavior for 
pairs of electrons with a symmetric orbital wave function 
i pTl , i.e. for spin singlets, while antibunching behavior 
is found in the case of the spin triplets, due to their an- 
tisymmetric orbital wave function. The latter situation 
is the one considered so far for electrons in the normal 
state both in theory pljl^ and in recent experiments 
|^,|l|. These experiments [Q have been performed in 
semiconducting nanostructures with geometries that are 
closely related to the set-up proposed in Fig. n but with- 
out entangler. Note that since the (maximally entangled) 
singlet is the only state leading to bunching behavior, the 
latter effect can be viewed as a unique signature for the 
entanglement of the injected electrons. To establish these 
results we first need to assess the effect of interactions in 
the leads. Thus we proceed in two steps: First, we show 
that the entanglement of electrons injected into Fermi 
leads is only partially degraded by electron-electron in- 
teractions. This allows us then to use, in a second step, 
the standard scattering matrix approach [[LSl — which we 
extend to a situation with entanglement — in terms of 
(non-interacting) Fermi liquid quasiparticles. 

Entangled electrons in a Fermi liquid. Electrons are 
injected from the entangler (say, a pair of coupled quan- 
tum dots) into the leads, e.g. by (adiabatically) lowering 
the gate barriers between dot and lead, in the spin triplet 
(upper sign) or singlet (lower sign) state. 
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with n = (q, 0' where q is the momentum of an elec- 
tron, and I is the lead number. Here, "00 denotes the 
filled Fermi sea, the electronic ground state in the leads, 
and we have used the fermionic creation (aj,^) and an- 
nihilation (flno-) operators, where a denotes spin in the 
CT^-basis. Next, we introduce the transition amplitude 
G*/''(12,34;t) = (■0i4^i|'034'') and define the fidelity as 
the modulus of G*/" between the same initial and final 
states, |G*/"(12,12;i)| = |G*/"(21, 12;i)|. The fidelity is 
a measure of how much of the initial triplet (singlet) re- 
mains in the final state after propagating for time i > 
in a Fermi sea (metallic lead) of interacting electrons. 
We emphasize that after injection, the two electrons of 
interest are no longer distinguishable from the electrons 
of the leads, and consequently the two electrons taken 
out of the leads will, in general, not be the same as the 
ones injected. Introducing the notations n = (n, cr), and 
n = (n, — (t), we write 



G*/^(12, 34; t)^~\ ^[G(12, 34; t) ± G(12, 34; t)] , 



(2) 

where we introduced the standard 2-particle Green's 
function G(12,34;t) = {il}o\Tai{t)a2{t)ala\\^o), with T 
the time ordering operator. We assume a time- and spin- 
independent Hamiltonian, H = Ho + ^i^j Vij, where Hq 
describes the free motion of the N electrons, and Vij is 
the bare Coulomb interaction between electrons i and j. 
The non-trivial many-body problem of finding an ex- 
plicit value for G(12,34;i) is simplified because we can 
assume that the leads 1 and 2 are sufficiently separated, 
so that the mutual Coulomb interaction can be safely 
neglected. This implies that the 2-particle vertex part 
vanishes and we obtain G(12,34;t) = G(13, t)G(24, t) - 
G(14,i)G(23,i), i.e. the Hartree-Fock approximation 
is exact and the problem is reduced to the evalu- 
ation of single-particle Green's functions G(n, t) — 
— z(i/'o|^an(i)aJj|^o) = G';(q, t), pertaining to lead I = 
1,2 (the leads are still interacting many-body systems 
though) . Inserting this into Eq. (g) we arrive at the result 
G*/''(12, 34; t) = -G(l, t) G(2, t)[(5i3<524T^i4^23], where 
the upper (lower) sign refers to the spin triplet (singlet). 
For the special case i = 0, and no interactions, we have 
G{n,t) = —i, and thus G*/" reduces to 5^3624, T <5i4^23, 
and the fidelity is 1. In general, we have to evaluate 
the (time-ordered) single-particle Green's functions Gi,2 
close to the Fermi surface and obtain the standard result 
H Gi,2(q, t) « ~izqe{eq - eF)e-"'-'*-^''\ which is valid 
for < t < l/Fq, where l/F^ is the quasiparticle lifetime, 
eq = q^ /2m the quasiparticle energy (of the added elec- 
tron), and ep the Fermi energy. For a two-dimensional 
electron system (2DES), as e^. in GaAs heterostructures. 



(1) Fg ex (eq — cf)^ log(eg — ep) p3| within the random phase 



approximation (RPA), which accounts for screening and 
which is obtained by summing all polarization diagrams 
P2| . Thus, the lifetime becomes infinite when the en- 
ergy of the added electron approaches ep (with Fermi 
momentum kp). The most important quantity in the 
present context is the renormalization factor or quasipar- 
ticle weight, zp = Zkp , evaluated at the Fermi surface, 
defined by zp = [1 — d/dujReT,{kp,uj = 0)]^^, where 
S(g, w) is the irreducible self-energy. The quasiparticle 
weight, < Zq < I, describes the weight of the bare elec- 
tron in the quasiparticle state q. For momenta q close to 
the Fermi surface and for identical leads (Gi = G2) we 
find 



|G*/^(12, 34; t)\ = zl \ 6^3624 T 6146231 



(3) 



for all times satisfying < t ^ V-Tg- Thus we find 
that the fidelity for singlet and triplet states in the pres- 
ence of a Fermi sea and Coulomb interaction is given by 
Zp. Since this is the sought-for measure of the reduc- 
tion of the spin correlation, it is interesting to evaluate 
Zp explicitly for a 2DES. Evaluating E within RPA (and 
imaginary time), we obtain S(A;) ~ —{l/fl/3) J^q^'^i^ + 



q)vqe{q), where (3 = l/ksT is the inverse temperature, 
fl the volume and q = (gniq), with qn the Matsubara 
frequencies. The unperturbed Green's function is given 
by G°{q) = {iqn - ^q)"\ where ^^ ^ e^- ep, and the 
Coulomb interaction in two dimensions is Vq — 27re^/g. 
The dielectric function can then be expressed as e = Eq — 
jP^^'{q), using the polarization propagator in leading 



order, pW(g) = -n-^EpJnpiCp) 
Cp+q + kn], where npi^p) = (e'^^p 



'^F(Cp+q)]/Kp - 

1)^^. In two di- 
u), 



mensions, we find P^^\q) = {2mkF/7rq)Ke{Vu'^ — 1^ 
with u = q/2kp + imuj/qkF, and where the branch cut of 
Vu^ — 1 is on [—1,1]. After careful analytic continuation 
p2| and some lengthy calculation, we finally obtain 



ZF 



1 



1 1 



(4) 



in leading order of the interaction parameter r^ — 
l/kpUB, where as = eo^ /me'^ is the Bohr radius. In 
particular, in a GaAs 2DES we have gb = 10.3 nm, and 
rs = 0.614, and thus we obtain zp = 0.665 |||,|5|. 

We see that the fidelity (spin correlation) is reduced 
by a factor of Zp'^ « 2 (from its maximum value 1) as 
soon as we inject the two electrons (entangled or not) into 
separate leads consisting of interacting Fermi liquids in 
their ground state. Apart from this reduction, however, 
the entanglement is not affected by interacting electrons 
in the filled Fermi sea. This result allows us now to study 
the noise of entangled electrons using the standard scat- 
tering theory for quasiparticles in a Fermi liquid ||26| . 

Noise of entangled electrons. We now investigate the 
noise correlations for scattering with the entangled inci- 
dent state |±) = |V'i2')i where we set n = (e„,n), now 
using the electron energies e„ instead of the momentum 
as the orbital quantum number in Eq. (nl) and where the 
operator al^^{e) creates an incoming electron in lead a 
with spin a and energy e. (Another interesting spin ef- 
fect is noise induced by spin transport p7|| .) First, we 
generalize the theory for the current correlations in a 
multiterminal conductor as given in Ref. Q to the case 
of entangled scattering states, with the important conse- 
quence that Wick's theorem cannot be applied directly. 
We start by writing the operator for the current carried 
by electrons in lead a of a multiterminal conductor as 



X exp [i{e — e')t/h] , (5) 



where the operators baa-i^) for the outgoing electrons 
are related to the operators aaai^) for the incident elec- 
trons via baai^) = J2b ■50/30/30- (e), where Sap denotes the 
scattering matrix. We assume that the scattering ma- 
trix is spin- and energy- independent. Note that since we 
are dealing with discrete energy states here, we normal- 
ize the operators aaa{£) such that {aaa{s),ciL^,{e')} — 
^aa'^a^^ee' 1^^ whcrc the Krouccker symbol ^£e' equals 



1 if e = e' and otherwise. Therefore we also have to 
include the factor l/i/ in the definition of the current, 
where v stands for the density of states in the leads. We 
assume that each lead consists of only a single quantum 
channel; the generalization to leads with several chan- 
nels is straightforward but is not needed here. Using the 
scattering matrix, we can write Eq. (ra) as 



^"(*) = 7^ E E a\,{e)A%^a,.{e')e^^^'^'^'l\ (6) 

Afi^ = Oq^Oq^ — S^j^Soi^. (7) 



The spectral density of the current fluctuations (noise) 
81 a = la — {la) between the leads a and /3 is defined as 



Sa0{uj)= lim -^ / rfie^'^*Re(±|5/„(i)«/3(0)|±) 

T-+00 1 Jq 



(8) 



We evaluate now the correlations Eq. (0) for zero fre- 
quency. Using the fact that the unpolarized currents 
are invariant when all spins are reversed, the expecta- 
tion value {±\SIaSIp\±) can be expressed as the sum 
of a direct and an exchange term, (±|(5/q(5/^|±) = (tj 
\6IaSIi3\ ti) ± (Ti \SIaSIf3\ it), whcrc the upper (lower) 
sign of the exchange term refers to triplet (singlet). Eval- 
uating these expressions further, we arrive at the follow- 
ing result for the zero-frequency {lu = 0) correlation be- 
tween the leads a and /3, 



Sa(3 — 
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A^sA^,^TSe,^eMl24l+A^X2) , (9) 



where '^^g denotes the sum over 7 = 1,2 and all (5 7^ 7, 
and where again the upper (lower) sign refers to triplets 
(singlets) . The autocorrelations Saa determine the noise 
in lead a (note that A'^^A'^^ = \A'^s\'^). 

We apply our result Eq. (||) to the set-up shown in 
Fig. Il| involving four leads, described by the single- 
particle scattering matrix elements, S31 = S42 = r, and 
•S41 = S32 = t, where r and t denote the reflection 
and transmission amplitudes at the beam splitter, re- 
spectively. We assume that there is no backscattering, 
S12 — S34 — Saa = 0. The unitarity of the s-matrix im- 
plies |r|2 + |i|2 = 1, and Re[r*i] = 0. Using Eqs. (|) and 
(P), we obtain the final result for the noise correlations 
for the incident state |±) 129(1, 



S: 



33 



S44 = -S34 = 2 — T{l-T){lTSe,e,), (10) 



where T — |tp is the probability for transmission through 
the beam splitter. The calculation for the remaining two 
triplet states | IT) and 1 1|) yields the same result Eq. (|l(]| ) 
(upper sign). For the average current in lead a we obtain 
\{Ia)\ — e/hu, with no difference between singlets and 
triplets. Then, the Fano factor F — Saa/ \{Ia}\ takes the 
following form 



(11) 



F = 2eT{l - T) (1 T ^e 



and correspondingly for the cross correlations. Eq. (|1] 
is one of the main results of this work: it implies that 
if two electrons with the same energies, £i = £2, in the 
singlet state |— ) are injected into the leads 1 and 2, then 
the zero frequency noise is enhanced by a factor of two, 
F = 4eT{l — T)jConipared to the shot noise of uncorre- 
lated particles ||l|,|||, F = 2eT{l - T). This enhance- 
ment of noise is due to bunching of electrons in the outgo- 
ing leads, caused by the symmetric orbital wavefunction 
of the spin singlet |— ). On the other hand, the triplet 
states |-|-) exhibit antibunching, i.e. a complete suppres- 
sion of the noise, Saa = 0- The noise enhancement for the 
singlet |— ) is a unique signature for entanglement (there 
exists no unentangled state with the same symmetry), 
therefore entanglement can be observed by measuring the 
noise power of a mesoscopic conductor as shown in Fig. |^. 
The triplets |-|-), | IT) and 1 1|) can be distinguished from 
each other by a measurement of the spins of the outgo- 
ing electrons, e.g. by inserting spin-selective tunneling 
devices Q into leads 3 and 4. 

In conclusion, we have demonstrated that entangled 
electrons (EPR pairs) can be transported in mesoscopic 
wires, and we have quantified the reduction of entangle- 
ment during this process. The current fluctuations in a 
beam-splitter set-up turn out to be a suitable experimen- 
tal probe for detecting (entangled) spin states of electrons 
via their charge. 
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